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Abstract

The paper deals with transmitting eigenvalues.
This was primarily because transmission
eigenvalues had been something to avoid with
the development of different methods of
sampling for identifying the shape of a highly
inhomogeneous medium via far-field data, so
the fact that they established only a discrete set
was considered sufficient. In addition, due to
the nonlinearity underlying the eigenvalue
problem as well as the unique structure
underlying the related transmission eigenvalue
problem, problems regarding the presence of
transmission eigenvalues and the structure
about  associated  eigenvectors  were
acknowledged as being extremely challenging.
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Introduction

Transmission eigenvalues within inverse scattering
theory can be thought of as the penetrable dielectric
equivalent of the idea of resonant frequencies with
impenetrable objects. The transmission eigenvalue
challenge was introduced to the spectral theory for
partial differential equations very recently. It
initially appeared in 1986 in a work by Kirsch, who
was looking at the injectivity associated with the
far-field operator or, in more modern parlance, the
density of far-field patterns with scattering
responses of the Helmholtz equation. After Kirsch's
study, Colton and Monk conducted a more
thorough investigation in order to create the dual
space approach for resolving the inverse scattering
issue for sound waves within an inhomogeneous
medium. In this study, it was demonstrated that
eigenvalues for spherically stratified transmission
of media existed and took the form of a discrete set.
Additionally, numerical illustrations were provided
to demonstrate how, in principle, transmission
eigenvalues may be extracted using far-field data.
[3, 4] Papers by Colton et al. in 1989 and Rynne &
Sleeman in 1991 brought an end to this initial
interest within transmission eigenvalues by
demonstrating  that, with respect to an
inhomogeneous medium (which was not always
spherically stratified), transmission eigenvalues,
regardless of whether they existed, constituted a
discrete set.

Review of Literature

Zhu (2019) [1] In this study, we develop and
explain a category of reaction-diffusion SVIR
models that include relapse and a variable from
outside in spatial heterogeneous atmosphere. We
do this by including the factors of disease
recurrence & vaccination in the space
heterogeneous environment. In addition, we add
these components to the space heterogeneous
environment. The long-term dynamic development
of this model is investigated by employing a
technique that is distinct from the Lyapunov
function. The global exponential attractor theory
and the gradient flow approach are the techniques
that are used. Both the asymptotic stability of the
world's population and the ongoing existence of
epidemics have been demonstrated.
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In order to validate our theoretical findings, we will
be simulating the global stability and exponential
attraction of the model using any specific epidemic
disease that has some official data that is more
concrete and definitive. This will put our results to
the test.

In Harris (2021) [2], we take a look at the inverse
scattering situation that comes along with an
inhomogeneous medium that has a conducting
boundary. In particular, we are interested in two
difficulties that stem from this inverse difficulty:
the inverse conductivity challenge & the interior
transmission eigenvalue difficulty. Both of these
problems are related to inverse problems. The goal
of the inverse conductivity situation is to determine
the value of the conductive border parameter using
just the scattering data that has been measured. We
present evidence that the measured scatted values
uniquely identify the conductivity parameter, and
we also outline a straightforward algorithm for
regaining the conductivity. An eigenvalue problem
that is linked with the inverse scattering of such
substances is referred to as the interior transmission
eigenvalue problem. We study the convergence on
the eigenvalues while the conductivity parameter
approaches zero. In addition, we verify the
existence of discrete solutions for the case with an
absorbing medium and show that the discrete
solutions are indeed discrete. Last but not least, the
theory is supported by a number of numerical and
analytical results, and we demonstrate that the
inside-outside duality approach may be utilized to
rebuild the interior conductive eigenvalues. The
recovery of a conductive border coefficient using
measured scattering data as well as the so-called
interior transmission eigenvalues is something that
we are interested in doing. Analyzing the
injectivity of the various operators employed in
qualitative inversion approaches is one way to
derive these eigenvalue problems. Due to the fact
that the interior transmission eigenvalue problems
is non-linear and does not self-adjoin, the research
of it is intriguing from a mathematical standpoint,
but it is also a difficult work from a computing
standpoint.

Analysis

Conduct research into the many situations in which
eigenvalues degenerate as a result of the presence
of a heterogeneous environment. Determine how
the behaviour and stability of the system are
affected by such degeneracies. When more than
one distinct eigenvalue of a mathematical operator
or matrix coincide, a phenomenon known as
eigenvalue degeneracies takes place. This
phenomenon results in non-unique eigenvectors
being linked with the eigenvalues in question. [6.
7] Degeneracies can have important ramifications
for both the behaviour and analysis of a system
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when they are studied in the context of propagating
eigenvalues in an environment that is
heterogeneous. The following is an explanation of
what eigenvalue degeneracies are and why they are
important:

1. Different kinds of degeneracy

Degeneracy in Geometry: Eigenvectors that are
associated with degenerate eigenvalues are linearly
dependent, which means that they reside on the
same subspace. This is an example of degeneracy
in geometry.

Degeneracy in Algebra: This occurs when the
multiplicity of a particular eigenvalue is larger than
one. This indicates that the eigenvalue appears
more frequently than the linearly independent
eigenvectors that are connected with it.

2. Implications for Physical occurrences
Eigenvalue degeneracies can be interpreted as
distinct physical occurrences in a variety of
circumstances, including the following:

e Degeneracy is a term used in quantum
mechanics, and it can refer to either
symmetry qualities or conservation
principles.

e Degenerate modes in structures can
sometimes give rise to complex vibration
patterns when subjected to vibration
analysis.

e Degenerate eigenvalues can result in the
formation of one-of-a-kind interference
patterns  when applied to wave
propagation.

3. Sensitivity to Perturbations

Degenerate eigenvalues can be sensitive to even
tiny perturbations in the system or its parameters,
which is a characteristic that distinguishes them
from other eigenvalues. Small alterations can bring
about eigenvalue splitting or mixing, which in turn
might bring about diverse behaviours.

4. Modes and Subspaces

Degenerate eigenvalues correspond to subspaces
where the eigenvalues are repeated. Modes are
groups of eigenvalues that have the same value
more than once. A mode space can be formed by
each subspace with its own unique collection of
eigenvectors that are linearly independent from one
another.

5. Obstacles in the Analysis

Managing degeneracies from an analytical
standpoint can be a complicated process. In order
to deal with degenerate situations, it is possible to
make use of mathematical methods such as group
theory and perturbation theory.



6. Symmetry of the Physical World

Eigenvalue degeneracies are frequently linked to
the system's underlying symmetrical structures.
There is a correlation between the presence of
symmetries and the development of degenerate
eigenvalues.

7. Avoided Crossing

An avoided crossing phenomena takes place when
two or more eigenvalues approach each other in a
near manner yet continue to be distinct from one
another. This can result in abrupt changes in the
behaviour of the system.

8. Factors to Consider When Computing

Numerical computations involving degenerate
eigenvalues necessitate the use of specialised
methods in order to accurately capture and
differentiate them. There is a possibility that
standard eigenvalue solvers will not produce
relevant findings.

9. Applications

Eigenvalue degeneracies are relevant in a variety of
domains, including physics, engineering, and
qguantum mechanics, where they signal key system
features and behaviours.

10. According to quantum mechanics, degeneracies
are connected to conserved quantities, quantum
numbers, and symmetries in quantum systems.
Quantum states can only be achieved by reaching
degenerate energy levels.

11. Diagonalization and Canonical Forms
In the case of diagonalizable matrices, the use of
canonical forms is able to assist in the
identification of degenerate eigenvalues as well as
the eigenvectors that correspond to them.

12. Resolving Degenerate Systems

In the event that you come across degeneracies in
the course of your research on eigenvalue
transmission, you should give some thought to
using specialised approaches such as Jordan
decomposition or subspace iteration in order to
properly manage these instances.

To correctly evaluate the behaviour of the system
and to gain insights that are useful, it is essential to
have a good understanding of -eigenvalue
degeneracies. They are able to reveal underlying
symmetries, conservation laws, and complicated
dynamics; yet, dealing with degenerate situations
involves not only knowledge of mathematics but
also careful examination of the implications that
this has for the physical world.

Following a similar study, we will demonstrate the
presence for the transmission eigenvalues using
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conductive border parameters. In addition, we will
suppose that in our study A € (1, ), NMmax < 0, &
Mmax — 1 < 0, with A € (0, 1), Nmin > 0, as well as
Anmin — 1 > 0. Right present, proving the existence
of actual transmission eigenvalues is the objective.
To accomplish this, we use the formulation of the
problem as well as the variational formulation.
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for each ¢ € H! (D). Following the investigation, a
Robin boundary value problem involving v € H*
(D) will be taken into consideration. This means
that we must demonstrate the existence of a v € H*
(D) satisfying equation for a given u € HY (D). The
bounded conjugate linear functional and the
bounded sesquilinear form from the variational
formulation are now defined as follows.

Alwd)= | nuads+ | (1-NTo-Vo-F(1-joode
Jin D
&
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foregoing is wellposed, meaning that there exists a
single solution, v € H1(D), satisfying for each
given u € (D), where A(v, ¢) = I(p). Be aware that
the coercivity conclusion for A(v, ¢) is established
similarly to a(-, -). This indicates that the mapping
of H10 (D) to HI (D) that we have, u — vu, is
being considered as bounded linear operator. We
confirm that vu is a solution for the Helmholtz
equation within the variational sense since the
transmission  eigenfunction v  resolves the
Helmholtz equation in D. In order to accomplish
this, we define Lku by the Riesz Representation
Theorem.
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Conclusion

Investigate the various ways in which eigenvalues
can be altered through the use of control inputs or
optimisation techniques. This can be useful in the
design of systems with dynamic behaviours that
meet  specific  requirements.  Control  and
optimisation are two very important aspects to look
at when conducting research on transmitting
eigenvalues in a complex environment. [8] With an
understanding of these principles, you will be able
to alter the behaviour of the system, build solutions
that are optimal, and improve the eigenvalue
transmission  performance  in  complicated



environments. The following is an illustration of
how control and optimisation can be applied to
your research:

1. Controlling the Eigenvalue Behaviour Make use
of control theory in order to have an effect on the
eigenvalue  behaviour in a heterogeneous
environment. Develop control techniques that will
modify the parameters of the system in order to get
the eigenvalue properties that you wish, such as
damping or frequency.

2. Active Control Techniques: In order to actively
change eigenvalues, it is necessary to implement
active control techniques. In this context, the use of
actuators or feedback systems to alter the
propagation of eigenvalues in real time may be
appropriate.

3. Design control systems that take into
consideration the uncertainties and variances posed
by the heterogeneous environment. This is known
as "robust control." Robust control guarantees that
the behaviour of the eigenvalue will not alter in
response to the changing conditions.

4. Optimal Design: Utilise optimisation strategies
in order to plan the design of the heterogeneous
environment in order to achieve optimal eigenvalue
transmission. To accomplish certain goals, it may
be necessary to do optimisation on the material
qualities, the geometry, or other parameters.

5. Multi-Objective Optimisation: When attempting
to optimise eigenvalue transmission, it is important
to take into account various competing objectives.
For example, optimisation should focus on
increasing eigenvalue magnitude while maintaining
stability.

6. Topology Optimisation: In order to obtain the
desired eigenvalue behaviour, use topology
optimisation methods to identify the appropriate
distribution of material attributes within the
heterogeneous environment.

7. Optimisation Based on Sensitivity: Utilise
sensitivity analysis to determine which parameters
have a substantial impact on eigenvalues. Make
better use of your optimisation efforts by utilising
this information to direct them.

8. Gradient-Based Optimisation: Use gradient-
based optimisation methods to quickly seek for
optimal parameter configurations that improve
eigenvalue transmission. This is step eight in the
optimisation process.

9. Metaheuristic Optimisation: Make use of
metaheuristic ~ techniques such as  genetic
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algorithms, particle swarm optimisation, or
simulated annealing to investigate complicated
parameter spaces and locate optimal solutions.

10. Real-Time Optimisation: Put into practise real-
time optimisation algorithms that modify
eigenvalue transmission in accordance with shifting
conditions or feedback information.

11. Analysis of Trade-offs When developing
control or optimisation algorithms, it is important
to take into account the trade-offs that exist
between the various features of eigenvalue
behaviour, such as frequency, damping, and
stability.

Model Predictive Control: Make use of model
predictive control techniques in order to optimise
eigenvalue behaviour over a finite time horizon
while taking into account any limitations or
uncertainties that may be present.

13. Experimental Validation: Validate control and
optimisation strategies through experimental setups
or physical prototypes in order to guarantee that
designed solutions function as intended in real-
world circumstances.

14.  Multi-Physics  Optimisation:  Incorporate
multiphysics  simulations and  optimisation
approaches in order to account for the interactions
of a variety of different physical processes that
have an effect on eigenvalue transmission.

15.  Human-in-the-Loop  Optimisation:  This
technique combines human expertise with
optimisation algorithms in order to come up with
solutions that strike a balance between the results
of computations and the considerations of the real
world.
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